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Abstract
A covariant spin-foam formulation of quantum gravity has been recently developed, characterized
by a kinematics which appears to match well the one of canonical loop quantum gravity. In this
paper we reconsider the implementation of the constraints that defines the model. We define in
a simple way the boundary Hilbert space of the theory, introducing a slight modification of the
embedding of the SU(2) representations into the SL(2,C) ones. We then show directly that all
constraints vanish on this space in a weak sense. The vanishing is exact (and not just in the large
quantum number limit.) We also generalize the definition of the volume operator in the spinfoam
model to the Lorentzian signature, and show that it matches the one of loop quantum gravity, as
does in the Euclidean case.
1 Introduction
The spinfoam formalism [1, 2, 3, 4, 5, 6] and canonical loop quantum gravity (LQG) [7, 8, 9] can ideally
be viewed as the covariant and the canonical versions, respectively, of a background-independent
quantum theory of gravity [10]. This scenario is nicely realized in three dimensions [11], and there are
recent attempts to implement it in quantum cosmology [12, 13]. An important step ahead towards
the realization of this scenario in the complete four dimensional theory has been taken with the recent
introduction of two strictly related spin-foam models whose kinematics appears to match the one of
LQG rather well, which we refer to as the new model [14, 15, 16, 17] and the Freidel-Krasnov-Livine-
Speziale (FKLS) model [18, 19]. Both of them are motivated by a desire to modify the Barrett-Crane
(BC) model [5], based on the vertex amplitude introduced by Barrett and Crane [4]. The key problem
of the BC model is the fact that intertwiner quantum numbers are fully constrained by imposing the
simplicity constraints, which are second class, as strong operator equations. But imposing second
class constraints strongly may lead to the incorrect elimination of physical degrees of freedom. It is
therefore natural to try to free intertwiner degrees of freedom by imposing the simplicity constraints
more weakly: they must be imposed in the quantum theory in such a way that in the classical limit
the constraints hold, but all physical degrees of freedom remain free.
Among the several ways proposed to impose these constraints, are the master constraint approach
[14, 15, 16, 17] used for the new model, and the coherent state approach [18, 19] used to derive the
FKLS model. In addition, the new model [14, 15, 16, 17] can be obtained also using the coherent
∗Unite´ mixte de recherche (UMR 6207) du CNRS et des Universite´s de Provence (Aix-Marseille I), de la Meditarrane´e
(Aix-Marseille II) et du Sud (Toulon-Var); laboratoire aﬃlie´ a` la FRUMAM (FR 2291).
1
Confidential: not for distribution. Submitted to IOP Publishing for peer review  7 June 2010
state approach [20, 21] developed in [18, 19]. In [22], we have presented a more straightforward
“matrix element” approach to deﬁne the physical boundary Hilbert space of the new model for the
Euclidean case. In this approach, we construct a candidate physical boundary Hilbert space, and then
we prove that in this space the matrix elements of all the constraints vanish. In this sense, constraints
are imposed weakly, rather than strongly as in the BC theory. The resulting physical boundary state
space where the constraints vanish weakly turns out to match that of LQG, and a natural map between
the two state spaces can be obtained by identifying eigenstates of the same physical quantities. The
fact that the matrix elements of the constraints vanish assures that the constraints hold in the classical
limit. The fact that we obtain the same Hilbert space as the one that is deﬁned by the canonical
theory assures us that the space selected is not too small, and all degrees of freedom are free. Here,
we generalize this approach to the Lorentzian signature.
The model we construct contains in fact a slight modiﬁcation with respect to the one in the
literature (corresponding to a slightly diﬀerent factor ordering of the constraints). We show that with
the modiﬁcation the matrix elements vanish exactly, and not just in the large quantum number limit,
as in previous constructions.
We also derive a volume observable on this space. Since the essential property of the volume
operator is that it has contribution only from the nodes of a spin network state, the only possible
action of the volume operator is on the intertwiners. That’s the reason why there is no generic well-
deﬁned volume operator when the intertwiner space is restricted to be one dimensional. In the new
model, the way one imposes the simplicity constraints frees intertwiner degrees of freedom, and make
it possible to deﬁne a non-trivial volume operator. In [22], the volume operator in the new theory has
been derived in the Euclidean case and shown explicitly to match the corresponding LQG canonical
operator. In this paper, we generalize the volume observable to the Lorentzian signature, and show
that the volumes of the covariant and the canonical theories match.
We work only on a ﬁxed triangulation, and assume that the Barbero-Immirzi parameter γ is
positive. In section 2, we study the physical boundary space. The volume operator is constructed and
shown to match the LQG operator in Section 3.
2 Physical boundary Hilbert space of the new theory
In this section, we use the matrix element approach to construct the physical boundary Hilbert space
of the new spin-foam theory with Lorentzian signature [16, 17]. We give a brief introduction to the new
theory and construct a boundary space, and then we show that this space solves all the constraints
weakly. We also show this boundary space is isomorphic to that of LQG. At last, we use this boundary
space to derive the new amplitude from the BF amplitude.
2.1 The new model and its boundary space
Consider a ﬁxed 4-dimensional triangulation ∆, which is formed by oriented 4-simplices, tetrahedra,
triangles, segments and points. The cellular complex ∆∗ dual to this triangulation ∆, is made by
faces f , edges e and vertices v, dual respectively to triangles f , tetrahedra t and 4-simplices v of ∆.
The new model is deﬁned on the 2-skeleton of ∆∗, by a standard spin-foam partition function:
Z =
∑
jf ,ie
∏
f
(2jf + 1)
∏
v
Av(jf , ie), (1)
where the sum is over an assignment of an irreducible representation jf of SU(2) to each face f , and
over an assignment of an element ie of a basis in the space of intertwiners to each edge e. The face
amplitude is given by the SU(2) dimension 2j+1, which is determined in [23] by the structure of the
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boundary Hilbert space and the condition that amplitudes behave appropriately under compositions.
We recall that an intertwiner is an element of the SU(2) invariant subspace of the tensor product of
the four Hilbert spaces carrying the four representations associated to the four faces adjacent to a
given e. We use the usual basis given by the spin of the virtual link, under a ﬁxed pairing of the four
faces. The amplitude Av(jf , ie) associated to each vertex v is given by
Av(jf , ie) =
∑
ke
∫
dpe(k2e + p
2
e)
(∏
e
f iekepe(jf )
)
15j
SL(2,C) ((jf , γ(jf + 1)); (ke, pe)) , (2)
where the sum and the integral are over an assignment of an irreducible unitary representation (k, p)
of SL(2,C) , with k a nonnegtive integer and p real [24, 25]; 15jSL(2,C) is the Wigner 15j symbol of
the group SL(2,C); f iekepe(jf ) is the fusion coeﬃcient obtained contracting SU(2) intertwiners and
SL(2,C) intertwiners. As shown in [14, 15, 16, 17], the boundary Hilbert space, satisfying all the
kinematical constraints, play a very important role in the construction of the vertex amplitude (2).
Let us now come to give the boundary Hilbert space.
Given a 3-surface Σ intersecting no vertices of ∆∗, let γΣ := ∆∗ ∩ Σ. We start from the Hilbert
space associated with Σ [16, 17]:
HΣ = L2
(
SL(2,C)|L(γΣ)|, dµHaar
)
, (3)
where µHaar is the Haar measure on the group SL(2,C); |L(γΣ)| denotes the number of links in γΣ.
We ﬁx the orientation such that the node n = e ∩ Σ is the source of the link l = f ∩ Σ.
By Peter-Weyl theorem, HΣ can be decomposed as follows
HΣ =
⊕
χl
⊗
l
(H∗χl ⊗Hχl) , (4)
where χl is an assignment of an SL(2,C) representation to each link l and Hχ is the carrier space of
the representation χ. The two Hilbert spaces associated to the link l are naturally associated to the
two nodes that bound the link l, because they transform under the action of a gauge transformation
at one end of the link. Regrouping the four Hilbert spaces associated to each node n, the last equation
can be rewritten in the form
HΣ =
⊕
χl
⊗
n
Hn. (5)
The Hilbert space associated to a node n is
Hn =
4⊗
a=1
Hχa , (6)
where a = 1, 2, 3, 4 runs here over the four links that join at the node n (that is, the four faces of the
boundary tetrahedron t), and we have identiﬁed the Hilbert space carrying a representation and its
dual. Here the nodes n label the tetrahedra t in the boundary. We restrict our attention to a single
boundary tetrahedron, and its associated Hilbert space Hn, which we call simply H in the following.
Consider the irreducible unitary representations of the principal series of SL(2,C) (for details see
[24, 25]), H := Hn has the structure
H =
4⊗
a=1
H(ka,pa), (7)
with k a nonnegative integer and p real. The physical intertwiner state space Kph is a subspace of
this space, where the constraints hold in a suitable sense.
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As a ﬁrst step to give the physical boundary space, let us restrict the representations to the ones
that satisfy
p = γ(k + 1). (8)
We call γ-simple the SL(2,C) representations that satisfy this relation. With this relation, the con-
tinuous label p becomes quantized, because k is discrete. It is because of this fact that any continuous
spectrum depending on p comes out eﬀectively discrete on the subspace satisfying the relation (8).
Notice that the relation here is slightly diﬀerent from the one used in the literature [16, 17], which is
p = γk. We will show later that this diﬀerence is very important for our construction.
Next, ﬁx an SU(2) subgroup of SL(2,C), then the (k, p) representation for the single component
of H associated with a single boundary face f splits into the irreducible representations Hj of the
SU(2) subgroup as
H(k,p) =
∞⊕
j=k
Hj , (9)
with j increasing in steps of 1. Consider the lowest spin term in each factor, where j in the decompo-
sition (9) is reduced to
j = k; (10)
this selects the “minimal” subspace
Hmin =
4⊗
a=1
Hka . (11)
The ﬁnal physical intertwiner space Kph is given by the SU(2)-invariant subspace of Hmin:
Kph = InvSU(2)[Hmin]. (12)
The total physical boundary space Hph of the theory is then obtained as the span of spin-networks in
L2[SL(2,C)L/SL(2,C)N ] with γ-simple representations on edges and with intertwiners in the spaces
Kph at each node. In the next subsection, we will show this physical boundary space Hph solves all
the kinematic constraints in a suitable sense.
2.2 Kinematic constraints
Now let us come to introduce the kinematic constraints, including the simplicity constraints and the
closure constraint, and show all of them are satisﬁed on the physical boundary spaceHph. On the ﬁxed
oriented triangulation ∆, we restrict the metric to be a Regge one [26]: ﬂat within each 4-simplex,
with curvature on the triangles. We choose as the boundary variables sl(2,C)-valued variables JIJl
associated with the links l of the graph formed by the one-skeleton of the cellular complex dual to
the boundary triangulation. We also need constraints to restrict these variables to the gravity ﬁelds,
whose discrete forms introduced in [14, 15, 16] are given by:
simplicity constraints : CJl = nI
(
(∗Jl)IJ +
1
γ
JIJl
)
= 0, (13)
closure constraints : GIJ =
4∑
a=1
JIJla = 0, (14)
where nI denotes the normal to the tetrahedron t, and ∗ stands for the Hodge dual in the internal
indices, the completely antisymmetric objects IJKL deﬁned as 0123 = 1 ; the sum is over the four
links that join at the node dual to the tetrahedron (or over the four triangles bound the tetrahedron).
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These constraints will give the solution Bf =
∫
f
∗(e(t)∧e(t)), where e(t) is a tetrad one-form covering
the tetrahedron t, and Jf = Bf + 1γ
∗Bf , with triangle f dual to the link l. The usual
quadratic diagonal Cll :=
(
1− 1
γ2
)
∗Jl · Jl + 2
γ
Jl · Jl = 0 (15)
and oﬀ − diagonal Cll′ :=
(
1− 1
γ2
)
∗Jl · Jl′ + 2
γ
Jl · Jl′ = 0 (16)
simplicity constraints can be easily shown to follow from (13). This reformulation is central for the new
models [14, 15, 16, 17, 18, 19, 20]. In particular, if we choose a “time” gauge where nI = (0, 0, 0, 1),
the simplicity constraint (13) turns out to be
Cil = J
0i
l + γ
∗J0il = 0, (17)
which leads to the key constraint of the new model
Cil = K
i
l + γ L
i
l = 0, (18)
where Ljl :=
1
2
j
klJ
kl
l and K
j
l := J
0j
l are respectively the generators of the SU(2) subgroup that leaves
nI invariant, and the generators of the corresponding boosts. In terms of these generators, the closure
constraint (14) becomes
GiL =
4∑
a=1
Lil = 0 (19a)
and GiK =
4∑
a=1
Kil = 0. (19b)
To quantize the constraints (18) (19), one just need to replace the generators with the associated
operators. Given a carrier space H(k,p), the canonical basis is given by the basis diagonalizing simul-
taneously the Casimir operators J · J, ∗J · J, L ·L and L3 , which is noted as |(k, p); j,m〉 or simply as
|j,m〉. On this canonical basis, the generators act in the following way [25]:
L3|j,m〉 =m|j,m〉,
L+|j,m〉 =
√
(j +m+ 1)(j −m)|j,m+ 1〉,
L−|j,m〉 =
√
(j +m)(j −m+ 1)|j,m− 1〉,
K3|j,m〉 =− α(j)
√
j2 −m2|j − 1,m〉 − β(j)m|j,m〉+ α(j+1)
√
(j + 1)2 −m2|j + 1,m〉,
K+|j,m〉 =− α(j)
√
(j −m)(j −m− 1)|j − 1,m+ 1〉 − β(j)
√
(j −m)(j +m+ 1)|j,m+ 1〉 (20)
− α(j+1)
√
(j +m+ 1)(j +m+ 2)|j + 1,m+ 1〉,
K−|j,m〉 =α(j)
√
(j +m)(j +m− 1)|j − 1,m− 1〉 − β(j)
√
(j +m)(j −m+ 1)|j,m− 1〉
+ α(j+1)
√
(j −m+ 1)(j −m+ 2)|j + 1,m− 1〉,
where
L± = L1 ± iL2, K± = K1 ± iK2
and α(j) =
i
j
√
(j2 − k2)(j2 + p2)
4j2 − 1 , β(j) =
kp
j(j + 1)
. (21)
Now let us go to show the physical Hilbert space Hph derived last subsection solves indeed the
constraint operators associated to the simplicity constraints (18) and the closure constraints (19).
Namely, we will show
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(i) the simplicity constraints (18) are satisﬁed in the “minimal” γ-simple representation Hmin,
(ii) the closure constraints (19) are satisﬁed in the intertwiner space Kph.
To show (i), let us consider the states in the “minimal” space Hmin in equation (11). For these
lowest spin states, equation (10) implies that the states are of the form |(k, p); k,m〉, or simply as
|k,m〉. The action (20) of the generators on these states reads:(
K3 + β(k)L3
)|k,m〉 = α(k+1)√(k + 1)2 −m2|(k + 1,m)〉,(
K+ + β(k)L+
)|k,m〉 = −α(k+1)√(k +m+ 1)(k +m+ 2)|(k + 1,m+ 1)〉,(
K− + β(k)L−
)|k,m〉 = α(k+1)√(k −m+ 1)(k −m+ 2)|(k + 1,m− 1)〉.
It is straightforward to obtain
〈k,m′|(Ki + β(k)Li)|k,m〉 = 0. (22)
Using the relation (8), β(k) turns out to be the Barbero-Immirzi parameter γ and the matrix elements
of the l.h.s of (18) hence vanish on the “minimal” γ-simple space:
〈k,m′|Ci|k,m〉 = 〈k,m′|(Ki + γLi)|k,m〉 = 0. (23)
Notice that the slight diﬀerence of our relation (18) from the old one plays a key role here. Notice also
that what we obtain is that the matrix elements vanish exactly, and not just in the large spin limit.
To show (ii), observe that the l.h.s. of (19a) is the generator of SU(2) transformations at the node
and vanishes strongly on (12) by deﬁnition; the l.h.s. of (19b) is proportional to the one of (19a)
by (23) and therefore vanishes weakly. Thus Kph is the intertwiner space as a solution of all the
constraints: all the constraints hold weakly.
Summarizing, we have introduced the kinematic constraints and shown that all of them are satisﬁed
on the physical boundary space Hphy derived in the last subsection. Since we have not proven that
the physical Hilbert space considered is the maximal space where the constraints hold weakly, one
might worry that the physically correct quantization of the degrees of freedom of general relativity
could need a larger space. Also, it has been pointed out that imposing second class constraints weakly
might lead to inconsistencies in some cases[31]. In the present case, however, these worries are not
relevant, since the space obtained is directly related to the one of the canonical theory, which we can
trust to capture the degrees of freedom of gravity correctly.
2.3 Boundary space
We have the remarkable result that Kph is naturally isomorphic to the SU(2) intertwiner space, and
therefore the constrained boundary space Hph can be identiﬁed with the SU(2) LQG state space
HSU(2) associated to the graph which is dual to the boundary of the triangulation, namely the space
of the SU(2) spin networks on this graph. For completeness, let us repeat some materials in [16, 17]
to exhibit this isomorphism by the embedding of the Hilbert space of LQG HSU(2) into the boundary
Hilbert space Hph of the new model; we also use this embedding and the BF amplitude of a single
4-simplex v to derive the amplitude (2).
The way we construct the boundary space gives a projection, which maps simple SL(2,C) spin-
network states to SU(2) spin-network states. The corresponding embedding f is deﬁned as the
hermitian conjugate of this projection, which is given by
f(j) : Hj −→ H(j,γ(j+1)),
|j,m〉 7−→ |(j, γ(j + 1)); j,m〉 (24)
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for the representations and
f(jl) : InvSU(2)(⊗4a=1Hja) −→ InvSL(2,C)(⊗4a=1H(ja,γ(ja+1))),
im1m2m3m4 7−→
∫
SL(2,C)
dg
( 4∏
a=1
D(ja,γ(ja+1))(g)(j
′
a,m
′
a)
(ja,ma)
)
im1m2m3m4 , (25)
for intertwiners [16, 17], where D(k,p)(g)(j
′,m′)
(j,m) denote the matrix elements of the irreducible
representation (k, p), with indices (j,m). Let indices (j,m) ≡ α, χα1α2α3α4 denote the SL(2,C)
intertwiner deﬁned by a virtual link carring the representation χ = (k, p), and dχ the Plancherel
measure on the spectrum. Then using the relation∫
SL(2,C)
dg D(χ1)(g)α1α′1D
(χ2)(g)α2α′2D
(χ3)(g)α3α′3 D
(χ4)(g)α4α′4 =
∫
dχχα1α2α3α4χα′1α′2α′3α′4 , (26)
one can obtain
f(jl)|i〉 =
∫
dχ f iχ(jl)|χ〉, (27)
where the coeﬃcients f iχ(jl) are given by
f iχ(jl) = i
m1m2m3m4χ(j1,m1)(j2,m2)(j3,m3)(j4,m4). (28)
If we piece these maps at each node, we obtain the map f : HSU(2) → Hph of the entire LQG space
into the state space of the new theory. In the spin network basis we obtain
f(jl) : |jl, in〉 7→
∫
dχn f inχn(jl)|(jl, γ(jl + 1)), χn〉. (29)
Now let us use this embedding and the BF amplitude to give the new amplitude (2). The BF
amplitude of a single 4-simplex v for a given boundary state |Ψ〉 reads
A(Ψ) =
∫
SL(2,C)10
∏
f
dgfΨ(gf )
∫
SL(2,C)5
∏
e
dVe
∏
f
δ(Vef gf V
−1
e′f
), (30)
where Vef , Ve′f are the two group elements around the perimeter of f , which is in the 4-simplex v and
not in the boundary. The integral over gf gives
A(Ψ) =
∫
SL(2,C)5
∏
e
dVeΨ(Ve). (31)
In the new theory, for any boundary sate Ψ ∈ Hph, according to the embedding (29), there exist a
LQG state ψ ∈ HLQG, such that Ψ = f(ψ). Let us consider the speciﬁc case when ψ is a spin-network
state |ψ〉 = |jf , ie〉 on the boundary. The amplitude is then given explicitly by
A(jf , ie) =
∫
dχe
(∏
e
f ieχe(jf )
)
15j((jf , γ(jf + 1)), χe). (32)
In terms of (k, p), the Plancherel measure dχ can be expressed as (k2+p2)dp, which gives the expression
(2).
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3 Geometrical observables
The kinematics of canonical loop quantum gravity is rather well understood; in particular, the prop-
erties of the geometrical operators, including the area and the volume operators[27, 28, 29] are well
established. (On the volume operator, see also [30].) In this section, we study the geometrical opera-
tors in the new spinfoam model and their relation with the SU(2) ones in LQG.
3.1 The area operator
The area operator of the new spinfoam model has been derived in [16, 21] and shown to match the LQG
one. Classically, the area A(f) of a triangle f is given by A(f)2 = 12 (
∗Bf )IJ · (∗Bf )IJ . If we ﬁx the
time gauge, we have A3(f)2 = 12 (
∗Bf )ij · (∗Bf )ij . These two quantities are equal up to a constrained
term. As shown in [21, 16], using the constraints, the operator related to A3(f)2 can be obtained as
A3(f)2 = κ2γ2L2f , which matches three-dimensional area as determined by LQG, including for the
correct Barbero-Immirzi parameter proportionality factor.
3.2 The volume operator
Let us now turn to study the volume operator. Following [22], the volume of a boundary tetrahedron
t reads
V (t) =
√
1
27
abcTr[∗Ba∗Bb∗Bc], (33)
which in terms of J turns out to be
V (t) =
√
1
27
( γ2
1 + γ2
)3
abcTr
[( 1
γ
Ja + ∗Ja
)( 1
γ
Jb + ∗Jb
)( 1
γ
Jc + ∗Jc
)]
(34)
The volume operator Vˆ (t) of the tetrahedron t is then formally given by (34) with JIJ replaced by
the corresponding operators:
Vˆ (t) =
√
1
27
( γ2
1 + γ2
)3
abcTr
[(1
γ
Jˆa + ∗Jˆa
)( 1
γ
Jˆb + ∗Jˆb
)(1
γ
Jˆc + ∗Jˆc
)]
. (35)
Since the volume operator does not change the graph of the spin network sates, nor the coloring of
the links, its action can be studied on the Hilbert space associated to a single node. Consider the
matrix element of the square of the volume operator between two states in the physical intertwiner
space (we drop the hats):
〈i|V (t)2|j〉 = 1
27
( γ2
1 + γ2
)3
abc〈i|( 1
γ
J ija +
∗J ija
)( 1
γ
Jjkb +
∗Jjkb
)( 1
γ
Jkic +
∗Jkic
)|j〉. (36)
Writing this in terms of L and K components gives
〈i|V (t)2|j〉 = 1
27
( γ2
1 + γ2
)3
abcijm
jk
n
ki
p〈i|
( 1
γ
Lma −Kma
)( 1
γ
Lnb −Knb
)( 1
γ
Lpc −Kpc |j〉. (37)
Notice that the intertwiner space is the subspace of the product of the space Ha associated to the
link a, and the action of (Ka, La) is in fact on Ha. Hence we can use the form (18) of the simplicity
constraint to simplify Eq. (37), although the r.h.s seems a polynomial. Using the form (18) of the
constraint, we can rewrite it as
〈i|V (t)2|j〉 = 1
27
( γ2
1 + γ2
)3( 1
γ
+ γ
)3
abcijk〈i|LiaLjbLkc |j〉 (38)
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and a little algebra gives
〈i|V (t)2|j〉 =
(γ
3
)3
〈i|abcijk〈i|LiaLjbLkc |j〉. (39)
That is
V (t) =
(γ
3
) 3
2
√
abcijk〈i|LiaLjbLkc |j〉. (40)
Now, the operator on the r.h.s. is precisely the LQG volume operator V (t)LQC of the tetrahedron, as
it acts on Kph including the correct dependence on the Barbero-Immirzi parameter γ.
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